Abstract. We present an analysis of the Lotka-Volterra differential equation within rectangles that are transverse with respect to the flow. In a similar way to existing works on affine systems (and positively invariant rectangles), we consider nonlinear LV equations, in rectangles with any kind of tranverse patterns. Notably, we give conditions for the existence of such rectangles. We also analyze the dynamical behavior inside a rectangle. This work is a first step towards a qualitative abstraction and simulation of Lotka-Volterra systems.
Introduction
The work presented here may be viewed within the context of hybrid analysis of nonlinear smooth dynamical systems. In classical hybrid approaches, piecewise linear or affine systems are used in simplexes, rectangles or more general polytopes (see for instance [4] or [6] ). More recently, [8] proposed a more general multi-affine framework. We focus here on the Lotka-Volterra (LV) differential system, which is a slightly different class of dynamical systems that arises in many biological applications [7] . Our results constitute a first step towards a qualitative abstraction of LV systems. This concept consists in describing sets of continuous trajectories by giving a sequence of transitions between rectangular regions. Besides the algorithmic power of such an abstraction approach (see [4] in a different framework), qualitative abstraction has two major advantages. First, it is particularly robust with respect to the parameters (in many applications, the values of certain parameters are indeed only loosely known, as for instance in [4] ). Secondly, it gives a discrete approximation (see [9] ) that can be used in different tasks, for instance in the design of a discrete controller of a continuous system. Here we propose theoretical results (mainly Proposition 1 and Theorem 2) describing the dynamics of the nonlinear LV system on rectangles, that are transverse with respect to the flow. Details and proofs of the following results can be found in [10] .
LV systems and transverse rectangles
We consider the non-degenerate LV n-dimensional differential system (see [7] ):
where A is a n × n invertible real matrix, x * is a n-dimensional real vector and ⊗ designates the componentwise product of real vectors. It is well known that the hyperplanes x i = 0 are invariant, and so is each orthant, delimited by these hyperplanes. For clarity, we will suppose that the equilibrium x * 0 (ie all its coordinates are positive), and we will study this system in the positive orthant. We will also refer to the associate affine system:
Throughout this paper, we are interested in the dynamical behavior of (1) in full-dimensional rectangles, comprised in the positive orthant, defined by:
If, for all x ∈ F ε i , the vector field coordinate f lv i (x) does not vanish (it then keeps a constant sign s ∈ {+, −}), the face F ε i is said transverse (the flow of (1) crosses the face in a fixed direction: it is incoming if s = ε and outgoing if s = ε). It is easy to see that this property is equivalent for the LV system (1) and the affine system (2). It is also straightforward that this property can be checked by looking only at the sign of the f lin i at the vertices of the face (see [10] for more details). A rectangle R with all its faces transverse is also said transverse. If for all i ∈ {1, . . . , n}, F + i and F − i are both incoming or both outgoing, the transverse pattern of R is said to be symmetrical. We first give the following result:
, f designates the affine or LV vector field. Then, (i) Suppose that R is transverse. Then, x * ∈ R if and only if the pattern of R is symmetrical (and then x * belongs necessarily to the interior of R). (ii) Suppose x * / ∈ R. Then, given any initial condition x 0 ∈ R, the solution t → x(t, x 0 ) ofẋ = f (x) leaves R in finite time.
A proof of this proposition can be found in [10] . We deduce from it that any rectangle R that does not contain the equilibrium is transient (in the sense that any trajectory starting in R eventually leaves R), regardless of the fact that it is transverse. However, transversality is important in order to describe the dynamics inside the rectangle containing the equilibrium. We therefore start by giving some conditions to ensure that this particular rectangle is transverse.
3 Necessary and sufficient conditions for the existence of a transverse rectangle, with symmetrical pattern
The question addressed here is to link the existence of a transverse rectangle, with a symmetrical pattern, with the particular structure of matrix A, for the ndimensional nonlinear LV system (1). This problem has already been investigated in the linear framework, notably in [1] (see also [3, 5] results in the case of general polytopes). Theorem 1 given below generalizes the result of [1] in two directions: on the one hand, it considers the nonlinear LV system (1) instead of the affine system (2), and on the other hand, it gives conditions for the existence of a transverse rectangle with any symmetrical pattern and not only a positively invariant rectangle. The proof of this theorem can be found in [10] , and essentially relies on the theory of nonnegative matrices, in particular of the special class of M-matrices (defined for instance in the book of Berman and Plemmons [2] ). Theorem 1 gives explicit necessary conditions on matrix A to ensure the existence of a transverse rectangle around the equilibrium. In addition to this, we also developed the converse of Theorem 1: provided that A satisfies properties (P 1 ) and (P 2 ), we give a constructive way to build transverse rectangles around the equilibrium. The interested reader can refer to [10] for a statement and a proof of this converse theorem.
Dynamical behavior within transverse rectangles
If the matrix A satisfies Theorem 1 (ie properties (P 1 ) and (P 2 )), then we can deduce the signs of the real parts of the eigenvalues of A (see [10] ). We can then deduce the stability of equilibrium x * for the affine system (2) and for the LV system (1). In the affine case, this is sufficient to determine the behavior of (2) -if p = 0, any trajectory starting in R converges towards the equilibrium x * . -if p = n, any trajectory starting in R (except the equilibrium itself ) leaves R in finite time. -If 1 ≤ p ≤ n − 1, then for almost every initial condition x 0 ∈ R, the solution x(t; x 0 ), t ≥ 0 of (1) leaves R in finite time.
The proof of this theorem, based on Lyapunov stability and instability theorems, can be found in [10] .
Conclusion
Theoretical results presented here set up a first step towards a qualitative abstraction of Lotka-Volterra dynamical systems. Proposition 1 and Theorem 2 classify the different dynamical behaviors of a LV system within rectangles that either contain the equilibrium or not. If A does not satisfy property (P 1 ), we have proved that it is impossible to build a transverse rectangle around the equilibrium. A next step is to study the qualitative behavior of a LV system on a rectangular mesh, using discrete abstraction. We should then focus on the design of a discrete controller (see [9] ) of the system on rectangles (in order for instance to steer the trajectories to a designated face). As an example, the linear feedback approach presented in [6] can be extended in the LV framework. Another extension is the study of a general Lotka-Volterra hybrid system, with different LV systems in each rectangle; as in [4] , the vector field then becomes discontinuous, and we have to face complex issues such as sliding motions and Filippov solutions on the boundaries.
